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Abstract. The purpose of this work is to show the strong connection
between learning in the limit and the second-order adaptive automaton.
The connection is established using the mutating programs approach,
in which any hypothesis can be used to start a learning process, and
produces a correct final model following a step-by-step transformation
of that hypothesis by a second-order adaptive automaton. Second-order
adaptive automaton learner will be proved to acts as a learning in the
limit one!.
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1 Introduction

Ray Solomonoff was the father of the general theory of inductive inference [11], a
fruitful area of study that generated many developments in artificial intelligence
[5,13]. In short, the goal of inductive inference is to identify the unknown object
by picking out one of a (typically infinite) set of hypothesis for this object [1]. The
hypothesis is a finite representation of the object and may be consistent with the
given incrementally growing segments of object example inputs. It is possible to
define many ways to the hypothesis choice and each one, in practice, determines
a whole new learning model; the main ones are the probabilistic approach [5,13]
and the enumerations strategies [4]. But, as pointed out by Wallace, Dowe and
Solomonoff himself, the so-called “Solomonoff Induction” is actually prediction
[13,2,12], rather than induction. Therefore, the approach used in this work is
closely related to Wallace’s Minimum Message Length (MML) approach, but
was inspired by Solomonoft’s paper [11].

Thus, consider the following constraint: what if the only way to generate a
new hypothesis was by “recycling” a former one? What would the behavior of
the learner be if the generation of a new hypothesis implies the transformation
of an older one? What kind of transformation would be necessary?

! The work reported here received support through FAPESP grant 2010/09586-0.
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This kind of hypothesis needs to be a “changeable” one to be reused, that is,
it would have a “plasticity” feature to adapt to new inputs for which it is not
prepared; therefore, the changes must happen in the representation structure
used to describe the hypothesis. Using a biological metaphor, the hypothesis
must have the mutational property, with the learner having the responsibility
to apply transformations in the hypothesis. The use of this kind of metaphor,
nonetheless, is not new: Solomonoff was also interested in the study of mutating
programs [6]. Now, this work proposes a mutational computational model, called
second-order adaptive automaton, aimed at the problem of inductive inference
and in which this “changeable” behavior is an essential property of the model
itself.

A successful mutation means that the learner has adapted to the new in-
puts. The fact that learning can be represented by an adaptive process is the
fundamental premise of this work. The last two decades presented the develop-
ment and emergence of new computational models that deviate from a basis on
mechanical machines structures and become similar to evolutive, collaborative
and biologically inspired models; among these, self-modifying devices [8,10] are
prominent ones, which have been developed under a formalism based on au-
tomata theory and is one of the basis to represent the adaptive behavior of the
model defined here.

The description of the inductive inference under an adaptive aspect will be
made using the Emil Mark Gold learning in the limit model [3], also called identi-
fication in the limit. Responsible for branch of inductive inference, Gold studied
the learning problem for recursive functions and formal languages. In his model,
the inductive inference is an infinite process; a learner identifies a language if the
generation of hypotheses converges to one and no other changes occur, although
new inputs of the language are presented to the learner indefinitely.

The text is organized as follows: section 2 describes the notation and technical
preliminaries concerning automata theory and first-order adaptive automata,
basis for the second-order adaptive automata; section 3 presents the the second-
order adaptive automata. Section 4 shows the relationship between second-order
adaptive automata and learning in the limit. Finally, section 5 presents the
conclusion and further works to be developed.

2 The First-Order Adaptive Automaton

Adaptive automaton belongs to the category of self-modifying devices. It is
a computational model equivalent to Turing Machine [7] and has the non-
deterministic finite state automaton as formulation basis. Its major characteristic
is the ability to decide how to modify its own structure in response to some exter-
nal input, without the interference of any external agent. The first appearance of
the adaptive automata has some inconsistencies in its description, but this fact
was corrected later in a complete formalization, performed using the automata
transformations concept [10]. This formalization, developed in the present sec-
tion, is known as first-order adaptive automata (FOAA). However, some
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introductory concepts are presented before for unequivocal understanding of the
FOAA definition.
2.1 Notations and Technical Preliminaries

The main concepts used in this work, mostly concerning automata theory, as
well the pertinent notation, are summarized in table 1.

N={0,1,2,...} The set of natural numbers

I = {io,1,...,im} Finite arbitrary indexed set
rem(I,z) ={I —{z} :x € I} with (x ¢ I) Removal function

ins(I,z) = {io, i1, ., 4m+1} With ¢;m41 =2  Insertion function

X An alphabet of symbols

aecelX A symbol of the alphabet
LCXx” A language over X

telL A string of L

€ An empty string

0 = (to,t1,...), with ¢ € L for k € N A text of L

O[n] = (t1,t2,...tn), with ¢, € L for 0 < k <n the n-initial segment of ¢
seq(0) the family of all segments

M =(Q,q,E,%,0) A non-deterministic automaton
Q={q1, - ,q:} The set of states of M°

q €Q The initial state of M°

ECQ The accepting states set of A/°
0CQx{Xu{e}} xQ The state transition relation

0 ={01,02,...,0:} The transitions set of M°
§=1(¢,a,q¢") with {¢/,¢d"} CQand a € ¥ A transition of M?°

(¢',t) € Q x X* with ¢ € Q A configuration of M°

(go,t) The initial configuration of M°

Table 1. Notation for technical preliminaries related to the automata theory.

A scalar hierarchical structure[9] is indicated by (a, {(an—1 ... (a1 {ag)))),
and is interpreted as follows: if a;11 is a formal system defined by an ordered
n-tuple, then a; is a n-tuple element, for 0 <i < (n —1).

2.2 Automata transformations

Given the non-numerical set .#Z° of all non-deterministic finite state automaton
under an alphabet X, for any element M° € .#° and the state transition relation
0 of MY, a proper transition is defined as:

Spro=0:6€0 1)

Otherwise, a foreign transition is defined as:
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Sfor =0:0¢0 (2)

A sequence of proper transitions belong to M° and represented by
>‘;m"o = (5pr01a ) 6p7"0m) (3)
is called a positive sequence. In turn, a transitions sequence

)\for = (5for1a ceey 5f07"n) (4)

of foreign transition for M? is called a negative sequence.
Given a negative and a positive sequence for an automaton M°, the sequence:

¢ = (Afora /\pro) (5)

is defined as a first-order transformation pair.

Employing the proper and foreign transition concepts, as well the definition
of removal and insertion functions, it is possible to define transformation func-
tions for all members of .#°. Thus, the J-removal operation and /-insertion
operation are defined, respectively, by:

S M = [~ (6pro, M) = (Q, 0, E, X, rem(, 610, ) (6)
f]:_MO = f+ (6fo’f'k ) MO) = (ins(ins(Q, q/)7 q//)v q0, Ea 27 ins(aa 6f07k)) (7)
with dpro, € Apro and 6ror, € Afor-

Now, using this two operators, it is possible to introduce the concept of
first-order adaptive function:

FyM® £ F(p, M) = Fy. FY M’ (8)

in which
F;WM0 2 P Mpros MO = (fro fr yo...0fy o f7)M° (9)
ijm'MO 2 FYNfor, MY) = (fF o fF Jo...ofy o fiH)M° (10)

are the first-order removal transformation and first-order insertion trans-
formation.
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Definition 1 (First-order Adaptive Automata) A First-Order Adaptive Au-
tomata (FOAA) is the quadruple M = (M°, &, ¢% 0"), in which M° € .#° is
called first-order subjacent device. Set ¢ of the first-order transformation
pairs is called adaptive behavior set. The element ¢° € & is a void transfor-
mation pair called null behavior. Set 0 is the first-order adaptive transi-
tion relation. Each element of 0" takes the form 0; ;= (6;, (M'(Fy, M°))), for

or € D and 6; € 0 in which O is the first-order subjacent device state-transition
relation.

Any extension of the automaton concept implies a new expression for it.
Hence, the traditional elements of the automata theory (step function, etc.)
were brought into the FOAA model.

The one step function shows how the FOAA changes from one configura-
tion to another:

(d,t) i, M0) (" w)yeJae X aw=t (11)

in which ¢” is a state of F s, M and ((¢, a, ¢"), (M (F, (MP)))) € 8" for ¢}, € .
The closure of the one step function for a FOAA is defined as:

(q.t) '_EF%kazF% oy (¢, w) (12)

iff (¢ =¢") and (w =¢) or rules 1, 2 and 3 are all satisfied as defined below:

1. t=apai...a;w witha; € Y for 0<i<j

2. 3(¢k1a¢k27"'¢k]’+1) with ¢p, € P for 1 <i<j

3. 3 p1,p2...p; € Q in which @ belongs to first-order subjacent device, such
that,
for j € N:

(¢',1) I_[11<‘¢,€1M0] (p1,a1a20a3 . .. ajw)
l_[F¢k2]F¢k1 MO) (pg, azas3 . .. G,j’lU) l_[]F¢k3]F¢k2 F¢k1 MO] - - -
Py, - Fop,Fay, M0] (P7 050)
1
,Foy, MO] (¢",w)

Fy

|_[]F¢kj+l F¢ k

kj .

The language recognized by the FOAA is

L(M") = {t: (g0, 1) FE,, . F, L Foy, MO] (a5,2)} (13)

k

Special case in which the behavior set is @ = {gb@}, the necessary condition
for a string to be accepted by a FOAA assuming the form:

(40:1) "wa...FwF(b@MO] (ar,€) = (g0, w) Fapo (af,€)
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3 The Second-Order Adaptive Automaton

Now, taking the set .2 of all first-order adaptive automata M = (M, &, ¢?, 9')
for a fixed X and applying the same method used for the set .#Z° (the definition
of basic insertion and removal operations for FOAAs transitions), analogous to
what occurred in the previous section, it is possible to obtain similar concepts,
now to study the first-order adaptive automata set features under a set of opera-
tors. Therefore, the table below summarizes these concepts and their definitions:

5117ro =56":6" ot d'-proper transition
6}07. =66 ¢ 0 §'-foreign transition
)\%m = (Oprogs---sOpron,) 5'-positive sequence
Nor = 0Forys -+ 0For,) d'-negative sequence
V2 (Nror Apro) §'-transformation pair
G M' = g7 (8310, MY) = (M°, &, 4°, rem(9",6)) 5'-removal operation
g,;"M1 = g*(é}mw MY = (M°,ins(®, ¢), @°, ins(9',4")) 6'-insertion operation

Table 2. Set of operations that structures the SOAA.

The second-order adaptive function is the operator

Gy 2Gy,M") =Gy, Gf, M* (14)
pro For
in which
Gy MG (N0, MY) = (g 09, 10095, 097 )M (15)
G; Mt A G+(/\}OT,M1) = (g;f og;:_l o... ogsr ogf)M1 (16)

for

are the second-order removal transformation and second-order insertion
transformation, respectively. Similar with the first-order case, the pair 1? is
called of void second-order characteristic pair. Thus, for an empty second-order
characteristic pair, G0 M?', it is equal to M.

Definition 2 (Second-Order Adaptive Automata) A Second-Order Adap-
tive Automata (SOAA) is the quadruple M? = (M*, W, 1)y, 0%), in which M* €
M is called second-order subjacent device. The set W = {1g,v1,..., %, }
of second-order transformation pairs is called second-order adaptive behav-
tor set. The element 1y is a void transformation pair called null behavior.
In the second-order adaptive transition relation 0%, each element take the
form 67, o = (8} 4, (M*(Gy, M"))), for¢p; € W and 6}, € 9", in which 0" is the
second-order subjacent device state-transition relation.

The one step function shows how the SOAA changes from one configura-
tion to another and is defined below:
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(q',t) F[(ijMquﬁkMO))] (" w) e 3Jae X :aw=t (17)

in which ¢” is a state of Fy, M for 6; x; = (8ik, (M*(Gy,M"))) € 8%, 6 =
(6; (MY (Fp, M) € 8" and 6; = (¢, v, ¢"") € O with ¢ € & and ¢p; € V.

For any s € N, the closure of the one step function for a SOAA is
defined as:

(d',t) "?(ijs Gy, Gy MU By, By, Fy, MO))] (¢", w) (18)

J

iff (¢ =¢") and (w =) or rules 1 to 4 are all satisfied as defined below:

1. t=agay...asw witha, € Y for0<2<s

2. 3(¢k15¢k27---¢k3+1) with d)kz cedfor1<z<s

3. 3(¢j17¢j2, .. 'sz+1) with %‘Z cWiorl<z<s

4. A p1,p2...ps € Q with @ belongs to First-order subjacent device such that:
(q/7 t) H G“’h M1<F¢k1 MOY)] (pl, a1asas . .. asw)

M1<]F¢k2 ]Fd’kl MO)Y] (pg, asasg . . . asw)

G G Gy, Gy, M(F F Fy, Fy, MO))] (q",w)
Vi1 “¥is Vi 2V Phsyy Phs " Phot Phy ’

s

The language recognized by the SOAA is:

L(M?) = {t: (g0,1) "F(ijs Gy, Gy MY(Fy, By, Fg, MO))] (gr.¢)} (19)

,
In the special case in which the second-order behavior set is & = {¢%}, the
necessary condition for a string to be accepted by a SOAA assumes the form:
* —
(40:1) F[(Gwm...Gw@Gw@Ml(F%J_ Py Fop MOY)] (gr.€) =
(g0, 1) ’_fmkj_..mkﬁ%MO] (45,¢€)

In this case, the recognition of string ¢ is made by the initial second-order
subjacent device. The SOAA assumes the behavior of the FOAA, which is equiv-
alent to the Turing Machine.

4 Second-Order Adaptive Automata and Learning in the
Limit

This section will show the advantage of using the SOAA as an identification
in the limit Inductive Inference Machine for formal languages. By definition,
SOAA transforms FOAAs by applying on them second-order adaptive actions.
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Now, it is necessary to demonstrate how this behavior can be used to “recycle”
the former hypothesis created in a learning in the limit process, as stated in the
Introduction, and what kind of formal languages a SOAA can learn in the limit.
Firstly, the main definitions related to the Gold identification in the limit are
presented. Then, an illustrating example of learning in the limit using a SOAA
is presented in subsection 4.1.

Definition 3 (Inductive Inference Machine) Let a target formal language
indexable class L and a hypothesis set H composed by an useful enumerable
formal model class (grammars, Turing machines, recursive functions, etc) to
represent the members of the target languages class. Given the family seq(0) for
0 € text(L), in which L belongs to L, an inductive inference machine (IIM in
short) is defined as an effective procedure in which it computes any partial or
total mapping ITM C seq(0) x H.

The ITM changes its mind if two consecutives output hypotheses are dif-
ferent, i.e., ITM(0[m]) # [IM (6[m + 1]) for m > 0.
The expression

IIM(6) L= h < 3(n € N)3(h € H)(Ym > n)[IIM@[m])] =h  (20)

means that the inductive inference machine converges, i.e., the potential infinite
sequence [ITM (0]m])]men of outputs converges on 6 to h € H.

Definition 4 (Identification in the Limit) Let £ be an indexed family of
languages, given a convenient hypothesis space H. IIM Lim-identifies L <
V(L e £)A(heH : L(h)=L)[IIM(6) = h)].

The second-order adaptive function concept allows deriving definitions of
language classes based only on the SOAA characteristics. One of these classes is
shown below.

Definition 5 (Confined Adaptive Problem) Given a FOAA M" and a lan-
guage L in which L # L(M?"), let C = (Gy,,...,Gy,,...,Gy,) be a sequence
of second-order adaptive functions. If the language L can be expressed in terms
of M' and Cx as follows in equation 21:

L=L((Gy, ... (Gy, ... Gy (M))...)...)) (21)

then L is called a confined adaptive problem, sequence C is called meta-
morphosis sequence and M is a seed for L.

Definition 6 (Linear Confined Adaptive Problem Class)

Given a finite second-order adaptive functions set G, let the indexable class
Lg = {Ln},cn of confined adaptive problems, all based on the same seed Lo,
in which the metamorphosis of L; is a subsequence of the L;11 metamorphosis.
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For all languages L; € Lg, if all elements of the sequence C,, belongs to L,
are elements of Cg, then Lg is called a Linear Confined Adaptive Problem
Class and set G is called a mutation set.

Theorem 1 Given a Confined Adaptive Problem L and any text 0 of L, there
is a SOAA M? and a Natural number n > 0, for which:

L # L(M?) for 0[n)
L=L(M?) for 0n+1]

Proof (by construction). Take a SOAA in which its subjacent device M! is a
seed for a Confined Adaptive Problem L. Let ¥ be a behavior set in which all el-
ements of C are elements of ¥, too. With the valid seed M for L, it is possible
to define a second-order adaptive transition relation in which the computation
of text # assumes the form:

(40, t1) l_F(ijs Gy, Gy M) (')
(qo’t2) l_r(Gw“~-~ijszh(Ml)’>] (q”,w”)

-1, n-1
qo,tn—1) = [(ij Gy, Gy (M1)(=2))] (" Hw"h

qo0, ) ((;,w

(

( G¢j2ij1 (Ml)(n_l))] (q , W )
(g0, tn41) [<G¢ Gy, Gy, (M) (477€)
(

Jw

q0, n+2) [(ij .Gy G“’h (M1)(n+1))Y] (Qfa 6)

72
(QU, A [(ijl~»-ij26w7~1(Ml)‘”“"*“))] (ar.¢€)

" n—1

n=1 g different from g¢r; w',w’”,...,w

for ¢',q",...,q ,w™ different from

e and

(Ml), = Gll)j5 G%z Gw“Ml
(Ml)” = ijt ... Gd,jg ijl (Ml)l

(Ml)n_l = Gw].u - ijg ijl (Ml)n_2
(Ml)n = Gf/fjw e 'Gd)jz Gi/f_n (Ml)nil
(M) =Gy, ...Gy,, Gy, (M)

such that the execution of adaptive transitions generates the sequence of the
adaptive transformations below

L=L(Gy, ...Gy,, ...Gy,,

.Gy, .-Gy, ...

Js

ijz ijl Ml)
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and, for any t,,4x in which k£ > 1, the following expression holds

(Ml)(’nﬁi’(k*l)) _ (Ml)(n+1)

Thus, for n > 0, there is a SOAA for the Confined Adaptive Problem such
that

L # L(M?) for (t1,ta,...,tn)
L=L(M?) for (tny1,---)
O

Theorem 2 For m € N, and given a function P(M?,0[m]) = M* that returns
M?, which is the subjacent device FOAA of the second-order M?, then after
processing the segment text 0lm)], there is a SOAA M? in which the function
P(M?2,.) is an IIM and P Lim-identifies any language L; of Lc.., for any
text 8 belonging to L;.

Proof. As seen in theorem 1, for any Confined Adaptive Problem L, it is possible
to construct a SOAA M? such that:

L # L(M?%) for 0[n]
L=L(M?) for0n+1]

Thus, it is possible to claim that

I(n e N)I(M! € 4t : L(MY) = L)(Vm > n)[P(M?,0[m]) = M1
in other words,

M €.t s L(MY) = L)[P(M2,6[m]) 4= M"]

meaning that the function P(M?,.) Lim-identifies L.

According to definition 6, the metamorphosis sequence of any L; (with i > 0)
of L¢,, is a subsequence of the metamorphosis sequence of L, with z > ¢. Thus,
using theorem 2, the following assertions holds:

for Lo 3(P(M§,.) : P(M2,.) Lim-identifies (Lo)

for Ly 3(P(M2,.) : P(M%,.) Lim-identifies (Lo, L;)

for Ly I(P(M3,.) : P(M3,.) Lim-identifies (Lo, L1, L>)

for L; I(P(M?,.) : P(M?,.) Lim-identifies (Lo, L1, Lo, ..., L;)

for L, I(P(M2,.): P(M2,.) Lim-identifies Lc_
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An important consequence of Theorem 2 has an immediate impact on the
choice relation over the hypotheses space.

Corollary 1 Set .#"' is an admissible hypotheses space.

4.1 Illustrating example

Let X = {a,b,c} be an alphabet, and ¢ = abc a string over X*. Based on the
string ¢, it is possible to define the class of formal languages below:

I={Ly=a"b'c,L; =a"bc", Ly = ab"c"}

Now, consider the following situation: there is a text € that belongs to an
unknown language X. The only information about language X is the fact that
it belongs to class I. The question is: would it be possible to obtain a SOAA
that identifies the language X represented by sequence 07 If I is a Confined
Adaptive Problem Class, then the response is yes. Thus, to answer the question,
it is necessary to verify whether I is a Confined Adaptive Problem Class or not.

Proof (I is a Confined Adaptive Problem Class).

The proof that I is a Confined Adaptive Problem Class is lengthy. For space
limitation reasons, only the proof sketch will be given here. All elements of I can
surely be represented by FOAAs. Let Mg represents the FOAA for the language
Ly of I. One possible adaptive function Fy for this FOAA is “for a number n of
symbols ‘a’ recognized, transform the MY to accept the same number of symbols
‘b’ in the string”.

The next step is to verify that all language members of I are Confined Adap-
tive Problems. Thus, it is necessary to verify if there are metamorphosis se-
quences for Ly and Ls. If there are such metamorphosis sequences, then the first
sequence is

Cx, = (G2,Ga)

and it performs the transformation sequence below:

Ly = L((G2(G1(My))))

in which the two second-order adaptive functions Go and G must have the
following characteristics:

— G1: Replace the second symbol of Fy with the symbol ‘¢’ and transform Fy
in Fl.

— Go: Replace the first symbol of F; with the symbol ‘b’ and transform F; in
Fs.
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And the second sequence is

C’O<1 = (Gl)

that performs the transformation sequence below:

Ly = L(Gy(My))

But sequence Cy, is a subsequence of C, and generates the language L;.
Considering that the second-order adaptive functions set used to create the trans-
formation sequences is finite, then it is a mutation set. Thus, I is a Confined
Adaptive Problem.

|

5 Conclusion

As stated in the Introduction it is possible to define many ways to the hypothesis
choice and each one, in practice, determines a whole new learning model; the
main ones are the probabilistic approach and the enumerations strategies. The
approach used in this work is closely related to Wallace’s Minimum Message
Length (MML) approach, but was inspired by Solomonoff’s paper [11].

A strong connection between learning in the limit and the SOAA was shown
by Theorems 1 and 2. The connection is established using Solomonoff’s approach
to mutating programs. The purpose is to represent a learning process using the
SOAA, and this learner acts as a learning in the limit one. Thus, from this point
of view, any hypothesis can be used to start a learning process, and, following a
step-by-step transformation of that hypothesis by a SOAA, produces a correct
final model, when computational learning can be effective.

Hence, inductive inference can be envisioned in a new and different way using
this kind of learner. The SOAA can be used as a learner for formal languages,
as illustrated by the example in section 4.1. There are many applications for the
learning process defined in this paper; one clearly comes from on-line learning.
Since it is a non-stop process, it is suitable for continuous learning, and as the
previous hypothesis can be used to produce new ones, the second-order adaptive
automaton seems to be an appropriate choice for diverse environments.

5.1 Future work

As a future work, some of the applications mentioned here will be implemented,
to run them in order to generate a benchmark comparing the second-order adap-
tive approach to some others. A lot of work need to be done before a product
ready to be used can be generated, but the path to be followed has been estab-
lished.
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It is necessary to define all the limitations of the computational model and

then define the learning limitations of this adaptive learning process. Some con-
straints and limits of the adaptive automata hierarchy have to be formally de-
fined. For the purposes of this work, the second-order was sufficient. Another
task to be carried out is investigate the necessity of third or higher order.
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